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ABSTRACT 

This talk is based on a recent paper^ of ours. In an attempt to understand three- 
dimensional conformal field theories, we study in detail one such example - the large 
N limit of the 0{N) non-linear sigma model at its non-trivial fixed point - in the 
zeta function regularization. We study this on various three-dimensional manifolds 
of constant curvature of the kind E x i? (E = 5^ x S^,S^,H^). This describes a 
quantum phase transition at zero temperature. We illustrate that the factor that 
determines whether m = or not at the critical point in the different cases is not 
the 'size' of E or its Riemannian curvature, but the conformal class of the metric. 

1. Introduction 

We begin in this paper a study of three-dimensional conformal field theories. In 
three dimensions, it is necessary to study field theories in curved space to understand 
conformal invariance (see appendix B in Ref. 1). The particular example we study 
is the 0{N) non-linear sigma modeP, in the large N limit. This is an interacting 
theory with a non-trivial UV fixed point. We compute the critical properties of this 
theory on manifolds (M, g) of the kind M = E x i?, S being a two-dimensional manifold 
of constant curvature. The results can be summarized as follows: on x x R 
(zero curvature), the physical mass of the field, m, is non-zero at criticality. In 
this case, m is the inverse correlation length and therefore the correlation length 
is finite at the critical point. This is due to the finite size of the manifold in 
some directions. (Another well studied^ case is R"^ x S^. In Ref. 1, we rederive the 
results in Ref. 3 in the zeta function regularization.) More generally, whenever the 
manifold is not conformally equivalent to R^, we should expect the value of m at 
criticality to be non-zero and our computations confirm this. On 5^ x i? (constant 
positive curvature), which is conformally equivalent to R^ - {0}, the mass m goes to 
zero at criticality. m = does not however mean an infinite correlation length on 
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S"^ X R; the correlation length at criticality is in fact finite. This is in contrast with 
the case x R (constant negative curvature) where, m 7^ at criticality, but the 
correlation length is infinite. Also, negative curvature induces the 0{N) symmetry 
to be spontaneously broken at the critical point. Thus we see that what matters, 
for m to be zero or otherwise, is the conformal class of the metric and not the 'size' 
of the system. (Limitations of space force us to merely state the results in several 
places. The interested reader is referred to the longer version of this paper^ for a 
general discussion on conformal invariance, for technical details and for a complete 
set of references.) 

2. Large N limit of the 0{N) non-linear sigma model in three dimensions 

The regularized euclidean partition function of the 0{N) non-linear sigma model 
in three dimensions, in the presence of a background metric, gij,u{x), can be written 

as, 

Z[g,A, A(A)] = j PA[0]2?AMexp{- j ^^^^^[^.^^(-n, + a)</>, - (1) 

where i = 1,2,- ■ ■ ,N. A is a coupling constant and A is the ultraviolet cut-off in- 
troduced to regulate the theory. (VaIcI)] = JJ d(t){k) and similarly PaM-) The con- 

|fc|<A 

straint on the </> fields, (jf{x)(j)i{x) = 1, has been implemented by a Lagrange multi- 
plier, in the form of an auxiliary field a{x). (The canonical dimensions of (t{x) in 
mass units is, [(t(x)] ^ 2.) The part of the action quadratic in 0* is conformally 
invariant** under the conformal transformation of the metric, g^''{x) W^{x)g^''{x) 
with (f){x) 9}-~i{x)(f){x) and cr{x) 9.~'^{x)u{x). -Dg is the "conformal laplacian", 
-□g = -^d^{^g{x)gf^"{x)dv) + where R denotes the Ricci scalar and (, = -^j^ and 
is equal to 1/8 for dimensions = 3. Although the classical action is not conformally 
invariant, we will see that there is a non-trivial fixed point for the quantum theory 
at which Z is conformally invariant. 

We will now study this problem in the large N limit, as it is not possible to 
solve this theory exactly. In the large TV limit {i.e., N ^ 00 with N\{A) fixed), the 
generating functional can be calculated using the saddle point approximation. To 
do this, redefine (N - l)A(A) in the action as A(A) which we keep fixed as ^ 00. 
Also, rescale the field ^jv to \/N - Icj)^. On spaces of constant curvature, we can 
integrate out the first N -1 components of the </> field and rewrite Z as, 

Z[g, A, XiA)] 

= J PA[0Jv]PAMexp{- ~ [TrLogA(-Dg + a) + y" dW^l^ivl-Ds + <^)</'JV - ^ct(x)]] } 

(2) 

In the examples we consider in our work, the manifolds are of constant curvature 
and we can therefore look for the uniform saddle point, (t{x) = and (t>r^{x) = b. (The 
physical interpretation for m is that of the physical mass of the (p field and for b is 
that of the vacuum expectation value of the </> field or spontaneous magnetization.) 
The saddle points are the solutions to the following "gap equations", which are 



obtained by extremizing the action with respect to (j)N{x) keeping a{x) fixed and 
vice-versa: 

(-□s + m2)6 = (3) 

b"^ = ^^-GK{x,x;w?,g), (4) 

where G\{x,x\m? ,g) = (x|(-ng + m^)~^|a;)A. Ga{x' ^x^m? ,g) is the two point correlation 
function of the cj) fields. 

We are interested in studying the critical behaviour of our theory. This is the 
point at which the theory becomes conformally invariant and all the divergences 
in the theory vanish. The question then is: Do the divergences that arise in the 
Green's function, GA{x,x;m'^ ,g), depend on the metric 5'"'? 
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dt h{t; X, x) 



(5) 



where h{t; x, y) is the heat kernel of the operator -Ug + cr- The divergence in the 
Green's function comes from short distance (UV) and hence from the small t region. 
To isolate the divergent part of the Green's function, from the finite part, we use 
the asymptotic expansion of the heat kerneP, which, in three dimensions, is given 

by, 

h{t; x,y)= 3 > an {x, y)^ (6) 

where d{x, y) is the Riemannian distance between points x and y on the manifold M. 
The leading term, with ao(x) = 1, is the only term that produces a divergence in the 
Green's function: 

G\{x, x; a, g) = 3- + finite part. 

4(7r)2 

We see that the divergent part of the Green's function is independent of the metric 
g^^ix). Thus the critical value of the coupling constant, Ac (A), at which the theory 
becomes finite, is independent of the background metric. 



3. Zeta function regular izat ion 

We will be using the zeta function regularization in this work as we find it to be 
more tractable when we are in curved space. Since the critical value of the coupling 
constant at which the theory becomes finite is independent of the metric, we find 
this critical coupling on B?. The Green's function, G{x,x;m'^ ,g), is regularized as 
follows: 

G{x,x;m^,g) = lim(x|(-n„ + m^)"*|a;) = limCg(s)- (7) 



where Cgis) = Z]a„5^o l'^"! '* with A„ as the eigenvalues of (-Qg + m^) and the sum 
includes multiplicities. If the eigenvalues are continuous the sum is replaced by an 
integral. In this regularization, the gap equation (4) on is, 



1 f d^k 1 f t''~^ f 

lim[-— = 6^ + / ,^ ,.,,„ K— = b^ + ^ 1 dt—— / k'^dke 

s^rA(s) j (27r)3(A;2 + m2)« 2tt^ J T{s)J 



e-('=+'")*]. (8) 



The regularized coupling A/A(A) has been replaced by 1/A(s) in the zeta function 
regularization. Also, we have used the Mellin transform to analytically continue 
the zeta function. (Note that Cg{s) has no pole at s = 1.) It is easy to simplify the 
above gap equation to, 

hm — - =b^ + —. 
s^i A(s) 4n 

It is well known^ in the case of M = J?^ that at the non-trivial (UV stable) fixed point, 

m = and 6 = 0. m and b are physical quantities and are therefore regularization 
independent. This implies that, in the zeta function regularization, liml/Ac(s) = 0. 

s— >1 

We will be using this value of the critical coupling henceforth. 

To the leading order in 1/N, the critical value of free energy density in this 
regularization scheme is 

Wc[g,m^] = yTr \og{-ng+m^) = -^Cg{0,m^). 

((-□g + m^) is a positive operator in our case.) This is a conformally invariant 
quantity in 3-dimensions. We give an outline of the proof of this in odd dimensions*, 
in our paper Ref. 1. 

4. Study of the 0{N) sigma model on manifolds of the type E x i? 

In the next three subsections we will be studying the 0{N) non-linear sigma 
model on a manifold M = S x i? of constant curvature. This is of particular interest to 
us as it describes a quantum phase transition at zero temperature. We first discuss 
the general form of the gap equations on such manifolds before going on to study 
specific cases of S. The Green's function we need, Gs{x,x-,m'^,g) = {x\{-\jg + m'^)~^\x), 
can be written in terms of the geometry of the two-dimensional manifold E: 

Gs{x,x;m^,g) = Ci:xR{s,x,m'^) = ^=^-^^— ^Ce(s - l:,x,m^) (9) 

V47r 2 

where CY,{s,x,m'^) = (x|[-V| + £,R + m'^]~^\x). At the critical point, in the limit s ^ 1, 
the gap equations are given by, 

(-□s + m^)b = (10) 



lim^CE(s- ^,x,m'^). 
s— >1 2 2 



(11) 



The zcta function, Cs(s), is analytic at s = i so that the above equation is finite 
as s ^ 1. To evaluate Ce(s - m^), we have to find the spectrum of the operator, 
-V| + ^R + m^, on the space S. 



4.1. Sp X Sp X R: Example of a space of zero curvature 

This is a space of zero curvature. The Ricci scalar R = 0. p denotes the radii of 
the two circles. The spectrum of the conformal laplacian is, Sp(-ng) = 
where, p,q = 0, ±1, ±2, • • • and k takes values on the real line. At the critical point, on 
5^ X 5^ X R, the gap equations (10) and (11) take the form, 

mH = (12) 



-1 V^p^ J ns) [^^^ 



(13) 



We have used the Mellin transform of the zeta function, Csixsi(s- 5)5 in equation 

(13) . We use the standard Poisson sum formula, 

to extract the divergence in the sum from the small t region and perform the re- 
sulting integrals to reduce (13) to, 

log(l-e-'"0+ y ^ =- — ■ (14) 

The double sum we are left with is not an obvious one. Nevertheless, we can see 
that m ^ without actually solving the equation. To see this, we put in an ansatz 
m ^ and we will show that this is inconsistent with the gap equation. In the limit 
m —> 0, the double sum can be approximated by a double integral which can be 
easily performed and the gap equation simplifies to a transcendental equation for 
mp, 

— h [mp) log mp — — = TTO mp . (15) 

It is apparent from the above equation that m = cannot be one of its solutions. 
This implies that b has to be zero at the critical point in order to satisfy the gap 
equation (12). The critical value of m as a function of p is given by the solution to 

(14) with 6 = 0. With this value of m, the free energy density can be computed. 



4.2. Sp X R: Example of a space of constant positive curvature 

The fact that 5*^ has finite volume might lead one to expect m to be non-zero at 
criticality. But we will see that this is not the case; the manifold S"^ xRis conformal 
to R^ - {0} and it turns out that in fact m = 0. 



On S"^ X R, ^R = l/4p^. The conformal laplacian has the spectrum, Sp (-□s2xfl) = 
[^^7?^ + fc^] with degeneracy {21 + 1), where I = 0,1,2, - ■ ■ and k e R. Notice that the 
conformal laplacian on S"^ x R has no zero modes. At the critical point, the gap 
equations are. 



1 



(7^+m2)6 = (16) 

OO 



OO 



lim^ / dt^—e-"'"' V 2le~^' = b\ (17) 





Again in equation (17) we have used the Mellin transform of C,s^{s - \). Prom 
equation (16) we see that 6 = since + ^ cannot be equal to zero, both m and p 
being positive. The sum in (17) is divergent in the small t region and we therefore 
have to separate out the divergent piece in the sum before we can interchange the 
sum and the integral over t. To do this we use an analog of the Poisson sum formula^ 
for the case of the sum over half-integers Z, and the gap equation simplifies to, 

oo C30 



y dx {xcosecx ~ 1) J dt t'-'e — ? — ™« + rnr(--)=0 (18) 

-oo 

oo 

where, by P / dxf{x) we mean the principal value of the integral; (a;coseca; - 1) has 

— oo 

simple poles at all non-zero integral multiples of n. 

It is easy to check^ that the ansatz m = in the l.h.s. of the above gap equation 
is indeed a consistent solution. Hence, at the critical point, both m and b are zero 
on 5"^ X R. It is important to note though that even though m = at criticality, the 
correlation length of this system is not infinite. The correlation function given by 
{(j)i{x,u)(j)j{y,0)), which is a function of a;,y e S'^ and u G R, decays like an exponential 
in u as u ^ oo (~ e~v^«). (In the x,y directions the space has finite size.) This is 
because the operator -V|2 +^R + m'^ has no zero modes. 

The regularized free energy density on S*^ x i?, at the critical point, is given by, 
^^^^^ = -Ks2xfl(0' '^^) be shown^ to be zero at the critical point (m = O). 

This just means that the regularized free energy density on 5^ x i? is the same 
as that on R^ at the critical point, which is what we should expect from general 
considerations of conformal equivalence of the spaces S'^ x R and R^ - {0}. 



4-3. H"^ X R: Example of a space of constant negative curvature 

H"^ is a two-dimensional hyperboloid. On the space H"^ x R, S^R^ -l/4p^. Let the 
co-ordinate on R be denoted by u and the hyperboloid be parametrized as follows: 
H'^ = {z ^ {x,y) : X G R,0 < y < oo} with line element, rfs^ = ^{dx'^ + dy"^) and laplacian 

V^2 = ^{dl + The spectrum of the operator -V^2 +^R + 'm? on the hyperbolic 
space is continuous and therefore we need the density of states p(A) to be able to 
evaluate C,h^{s -\) = - -^+m?]-^'-^\ p{X) is found^'i to be, 

pW = ^Q{-\ + >)^^r,\,T,^-\ + \. (19) 



(For simplicity, we assume that p = l). The gap equations at the critical point are, 



1 



{-—.+m')b = (20) 



4p2 



-limi / dX p{X)[X - + m2]-(^"^) = 5^ 



(21) 



On using the Mellin transform of the zeta function and after some simplification, 
the gap equation (21) reduces to. 



m 



oo 

k 

dk (1 - taiili -rvh) = }? (22) 

y/k"^ + W? 







Observe that each term in the l.h.s. is manifestly positive. 5 = cannot therefore be 
a solution if m^Q. If m = 0, it is easy to check that the l.h.s. is non-zero (it is equal 
to (ln2)/7r) and therefore h^Q. In order to satisfy the gap equation (20), we require 
TO = 1/2/9 (since we set p = 1, to = i) at the critical point. The non-zero value of the 
order parameter h gives the non-zero spontaneous magnetization in the system — 
negative curvature has induced the symmetry to be spontaneously broken at the 
critical point. At criticality, from (22), we find. 



- ^[1 + E il) ^(2- + - 2-^^-^)C(2r + 2)]. (23) 



r=0 



Notice, -V^2 + ^i? + TO^ has a zero mode for the critical value to = l/2p. This 
means that the correlation functions fall off with distance like a power law, not 
an exponential. Thus even though m is non-zero, the correlation length is in fact 
infinite on H'^ x R. 

The critical value of the free energy density on x R works out to be, 

^ = -l^H^^niO, P) - - ^ E (J) ^(2^ + 1)!(1 - 2— )C(2. + 2). (24) 
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